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the LCWC models according to the specific warranty terms. Finally, Monte Carlo simulation is used to 
propagate the time-to-failure uncertainty of each system, modeled by its reliability function, through each 
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ABSTRACT 
In agricultural and industrial equipment, both new and 
remanufactured systems are often available for warranty 
coverage. In such cases, it may be challenging for equipment 
manufacturers to properly trade-off between the system 
reliability and the cost associated with a replacement option 
(e.g., replace with a new or remanufactured system). To address 
this problem, we present a reliability-informed life-cycle 
warranty cost (LCWC) analysis framework that enables 
equipment manufacturers to evaluate different warranty policies. 
These warranty policies differ in whether a new or 
remanufactured system is used for replacement in the case of 
product failure. The novelty of this LCWC analysis framework 
lies in its ability to incorporate real-world field reliability data 
into warranty policy assessment using probabilistic warranty 
cost models that consider multiple life cycles. First, the 
reliability functions for the new and remanufactured systems are 
built as the time-to-failure distributions that provide the best-fit 
to the field reliability data. Then, these reliability functions and 
their corresponding warranty policies are used to build the 
LCWC models according to the specific warranty terms. Finally, 
Monte Carlo simulation is used to propagate the time-to-failure 
uncertainty of each system, modeled by its reliability function, 
through each LCWC model to produce a probability distribution 
of the LCWC. The effectiveness of the proposed reliability-
informed LCWC analysis framework is demonstrated with a 
real-world case study on a transmission used in some agricultural 
equipment.  
Keywords: Multiple life cycles, reliability, life-cycle warranty 
cost, transmission, agricultural equipment 
NOMENCLATURE 
LCWC: life-cycle warranty cost 
/: the th renewal during a total of N life cycles 
: time from the start of the product life to the  th 
renewal 
(): the number of renewals by time t 
	(): probability density function of the time to failure t 
	(): probability density function of the time to failure t 
 between the n-1 th and the n th renewal 
Xnew: time to failure of the new system 
Xre: time to failure of the remanufactured  system 
	(∙): probability density function 
(∙): cumulative distribution function 
(∙):  cumulative distribution function of new  system 
(∙): cumulative distribution function of remanufactured 
system 
: cost of the renewal with new system 
: cost of the renewal with remanufactured parts 
Te: threshold of failure time for early failure in the 
regular warranty period 
Tw: warranty period 
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1. INTRODUCTION
Remanufacturing is a process of restoring used or end-of-life 
products to an “as new” functional state [1]. Compared to other 
end-of-life options such as landfills and recycling, 
remanufacturing offers better preservation of value from the 
original fabrication, including labor, energy, and equipment 
expenditures [2,3]. As a result, remanufacturing is an effective 
way to implement green manufacturing by restoring used or end-
of-life products while retaining the value of the extracted and 
refined materials [4]. Remanufacturing is particularly 
appropriate for an engineered system where a large fraction of 
components can be reused [5]. 
In many applications, a system unit is completely replaced 
upon failure since it would be time- and cost-intensive to 
disassemble the failed unit and repair its components/sub-
components that have caused the system failure [6]. Such 
replacement can incur a significant cost to the manufacturer if 
the system unit fails within the warranty period, the probability 
of which can be determined by the reliability function of the 
system. However, very few studies have been conducted to relate 
the life-cycle warranty cost (LCWC) of a system to its reliability 
[7,8]. When both new and remanufactured units are available for 
replacement, the manufacturer needs to decide whether to use a 
new or remanufactured unit for the replacement under the 
warranty policy. This decision making needs to be examined 
carefully, taking into account the cost and reliability of each 
replacement option [9]. Therefore, a quantitative assessment of 
the LCWC associated with each warranty policy is of great 
importance for the manufacturer [10]. 
The warranty cost analysis with new system units has been 
well studied in the literature. The warranty policies can be 
categorized into and non-renewing policies [11,12]. Under the 
renewing policies, a replacement unit is covered by an extended 
warranty. In contrast, no extended warranty is provided under 
non-renewing policies. The expected warranty costs under non-
renewing polices for both repairable and non-repairable systems 
were dealt with in [13] using the ordinary renewal process-based 
product failure model. In addition to the expected warranty cost, 
Sahin and Polatoglu [14] derived the probability distributions of 
the warranty cost and other key random variables under the 
renewing policies. Warranty cost analysis plays an important 
role in the life-cycle cost analysis. Huang et al. [15] considered 
the free replace-repair warranty policy defined in [12] and 
utilized the associated warrant cost model for the minimization 
of the life-cycle cost. However, none of these studies considered 
remanufactured system units in the LCWC analysis.  
 In this study, we consider both replacement with a new 
system unit and replacement with a remanufactured unit in the 
warranty cost analysis. Furthermore, we propose a reliability-
informed LCWC analysis framework that enables equipment 
manufacturers to evaluate different warranty policies. The 
novelty of our framework lies in its ability to incorporate real-
world field reliability data into warranty policy assessment using 
probabilistic models that consider multiple life cycles. The 
specific steps are to 1) build the reliability functions for the new 
and remanufactured system units based on the field reliability 
data; 2) construct LCWC models that take as inputs the built 
reliability functions and the warranty policies; 3) propagate the 
time-to-failure uncertainty of each system, modeled by its 
reliability function, through each LCWC model to produce a 
probability distribution of the LCWC.  
The remainder of this paper is organized as follows. Section 
2 briefly reviews the reliability analysis method based on field 
reliability data and the renewal process used to model multiple 
life cycles of a product. Section 3 introduces the warranty 
policies considered in this study and the LCWC model for each 
policy. In Section 4, the effectiveness of the proposed reliability-
informed LCWC analysis framework is demonstrated using a 
case study on a transmission used in agricultural equipment. 
Section 5 provides several concluding remarks. 
2. REVIEW ON RELIABILITY ANALYSIS AND
RENEWAL PROCESS 
2.1 Reliability analysis based on failure data 
Reliability data usually contains information on the time-to-
failure values of the system units that have failed. This 
information can be used to estimate the time-to-failure 
distribution of the system, which is then used to model the 
reliability of this system [16, 17]. In this study, we use Weibull 
distribution to model the time-to-failure distribution. The 
probability density function of the Weibull distribution is 
expressed as: 
1( ) ( ) exp ( )
x x
f x β β
β
λ λ λ
−  = − 
 
(1) 
where x is the time-to-failure,   is the shape parameter that 
determines the shape of the function 	(), and  is the scale 
parameter. In reliability analysis, the probability of failure () 
of the system is measured by the cumulative distribution function 
of the Weibull distribution, given as: 
β
λ
 
= = = − − 
 
0( ) ( ) 1 exp ( )
x
f
x
P F x f x dx (2) 
The reliability function (or survival function) is then calculated 
as 
β
λ
∞  
= − = = − 
 
( ) 1 ( ) exp ( )f x
x
R x P f x dx (3) 
The parameters in the Weibull distribution,   and  , are 
determined using the maximum likelihood estimation to provide 
the best fit to the field reliability data. 
2.2 Renewal process 
In this study, we model the instantaneous replacements (zero 
downtime) of the failed units with a renewal process. In a 
renewal process, a system used to replace a failed system can 
have a different reliability function than the failed system. This 
enables modeling the LCWC for a warranty policy where a new 
system, once failed, is replaced with a remanufactured system 
that has a different reliability function than the new system. The 
schematic of the renewal process is shown in Fig. 1. The failure 
events and the corresponding replacement events are considered 
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to occur randomly. The time between two consecutive failure 
events Xn is assumed to be an independent and identically 
distributed random variable following the Weibull distribution.  
Fig. 1 An illustration of the renewal process. 
The time from the beginning-of-life of a system to the Nth 
renewal is defined as 
1
0, 0
, 1
N
N
n
n
N
T
X N
=
=

= 
≥


 (4) 
The number of renewals () within time t is then defined as 
( ) { }sup NN t N |T t= ≤ (5) 
where sup is the supremum function. The probability mass 
function of () is calculated by 
( )( ) ( )( ) ( )( )
( ) ( ) ( ) ( )1 1
1
N N N N
P N t N P N t N P N t N
P T t P T t F t F t+ +
= = ≥ − ≥ +
= ≤ − ≤ = −
(6) 
where FN(t) is the N-fold convolution of F with itself [18], 
defined as 
( )
( )
( ) ( ) ( )
0
1
1
0
1
( )
,  2,  3,  ...
t
N N
F t
F t F t
F t F t u dF u N−
=
=
= − =
(7) 
3. PROPOSED LCWC MODEL
In this section, we formulate LCWC models for four different 
warranty policies. These warranty policies are introduced in 
subsection 3.1 and each policy considers the use of a new or 
remanufactured unit for replacement. The LCWC models for the 
four warranty policies are developed and presented in Subsection 
3.2. 
3.1 Warranty policies considered in this study 
Table 1 summarizes the four warranty policies considered in 
this study. Tw=2000 hours of regular warranty (starting from the 
beginging-of-life) is applicable to all the four policies. For the 
first three policies (Policies 1–3), customers get a 2000 hours of 
extended warranty after replacement if replacement occurs 
within the regular/extended warranty period. For the fourth 
policy (Policy 4), no extended warranty is provided after 
replacement. Policies 1–3 differ in whether a new or 
remanufactured unit is used for replacement. 
Table 1 Four warranty policies considered in this study 
Policy 
index 
Extended 
warranty 
Renewal strategy 
1 
Yes 
New unit is used for replacement of 
the first failed unit within Te=500 
hours of regular warranty. 
Remanufactured units are used for 
subsequent replacements. 
2 
All failed units are replaced with 
new units. 
3 
All failed units are replaced with 
remanufactured units. 
4 No 
All failed units are replaced with 
remanufactured units. 
Figure 2 shows a schematic of the failure scenarios and the 
renewal strategies of Policy 1 for the first two life cycles. When 
the first failure occurs within Te=500 hours of regular warranty, 
a new unit will be used for replacement of the failed unit (see the 
solid green squares in Scenarios 1 and 2) at the cost of the 
manufacturer. When a failure occurs either between Te=500 and 
Tw=2000 hours of regular warranty or during the extended 
warranty, a remanufactured unit will be used for replacement of 
the failed unit (see the solid blue triangles in Scenarios 2–4) at 
the cost of the manufacturer. On the other hand, when a failure 
occurs outside the regular or extended warranty (see the hollow 
blue triangles in Scenarios 2 and 4), a remanufactured unit will 
be used to replace the failed unit at the cost of the customer. The 
failure scenarios beyond the first two renewals will be the same 
as those during the second life cycle (a failure occurs either 
within or outside the Tw=2000 hours of extended warranty). 
3.2 LCWC models 
The LCWCs for all four policies consist of the warranty costs 
of replacement with a new or remanufactured system covered by 
the manufacturer during all life cycles. We first define key terms 
that will lead to formulating the expected LCWC. The 
probability of failure in the early stage Te of the regular warranty 
is (), while the probability of failure for      is
()  
(). The probabilities of failure of  new and
remanufactured units within the extended warranty are 
() and 
(), respectively. In Policy 4, the probability
that n replacements occur within the regular warranty period is 
(()  ). 
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Fig. 2 A schematic of the failure scenarios and renewal strategy for Policy 1. 
For Policy 1, the expected LCWC can be formulated as: 
[ ] ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
2
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1
2
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e new w e re
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 +  
   + −   


E
(8) 
The first and second terms on the right-hand side (RHS) of the 
equation represent the expected warranty costs of new and 
remanufactured replacements within the regular warranty period. 
The third term in the RHS represents the expected warranty cost 
of remanufactured replacements within the subsequent extended 
warranty period when the original unit fails within . The fourth 
term in the RHS represents the expected warranty cost of 
remanufactured replacements occurring in the subsequent 
extended warranty periods when the original unit fails within 
    . After simplification, Eqn. (9) can be rewritten as 
[ ] ( )
( ) ( )
( )
( ) ( ) ( )
( )
=
1
1
new new
w enew
e new rere
w
new new re
e w w
rere
w
F T F T
LCWC F T c c
F T
F T F T F T
c
F T
−
+
−
+
−
E
(9) 
For Policy 2, LCWC is only composed of the warranty costs 
of new replacements. The expected LCWC can be calculated 
using 
[ ] ( )
( )
( )1 1
new
n wnew
w new newnew
n w
F T
LCWC F T c c
F T
∞
=
 = =  −
E (10) 
For Policy 3, LCWC consists of the warranty costs of 
remanufactured replacements. The expected LCWC is given as 
[ ] ( ) ( ) ( )
( )
( )
1
2
1
n
new new re
w re w w re
n
new
w
rere
w
LCWC F T c F T F T c
F T
c
F T
∞
−
=
 = +  
=
−
E
(11) 
For Policy 4, LCWC includes the warranty costs of 
remanufactured replacements within the regular warranty. The 
expected LCWC take the following form 
[ ] ( )
( ) ( )( )
( )
( ) ( )
0 1 1
0
1
1 1 1
0
1
w
w
new
re w
T
new
re end
n
new
new w
T
new re
re n w
n
LCWC c F T
c f t nP N T t n dt
c F T
c f t F T t dt
∞
=
∞
=
= +
− =
= +
−


E
(12) 
The first term in the RHS is the expected warranty cost of the 
first remanufactured replacement (i.e., T1 in Fig. 1). The second 
term in the RHS captures the warranty cost of the subsequent 
remanufactured replacements occurring within the regular 
warranty period. For an arbitrary distribution, the integration 
() may not have an analytical solution and we, therefore, use 
Monte Carlo simulation (MCS) to produce an approximation of 
(). The algorithm to estimate () with MCS is shown in 
Table 2. 
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Table 2 Procedure for estimating () with MCS 
Algorithm 1: Estimation of () with MCS 
1 for   1:   do 
2 for   1:  
3  Generate S random failure times "
#,
,  %  1: &
based on 	() 
4 end for     
5 Calculate the simulated times "
#  ∑ "
#,
()  when  
 failures occur 
6 end for 
7 Estimate () using the simulated times "
#
4. CASE STUDY
In this section, we use a case study of a transmission in an 
agricultural machine to demonstrate the proposed reliability-
informed LCWC analysis framework. The field reliability data 
and the sales volumes for the agricultural machine equipped with 
this transmission are provided by the machine manufacturer.  
(a) 
(b) 
Fig. 3 (a) The reliability data (only partial right-censored data 
are shown) and (b) the best-fit Weibull distribution with 
95% upper/lower confidence interval (UCI/LCI) 
The reliability data includes the time-to-failure values of the 
agricultural machines in the field that were equipped with the 
new and remanufactured transmissions. Most of these observed 
failures occur before 4000 hours. During the maximum 
likelihood estimation of the Weibull parameters, the units that 
have not failed are considered to be right-censored at 4000 hours 
and the units that failed before 50 hours are treated as outliers 
and are excluded from this analysis. The reliability data and the 
best-fit Weibull distribution are shown in Fig. 3. The p-value for 
the Anderson-Darling goodness-of-fit test for the Weibull 
distribution fitting is calculated to be 0.465, which in turn implies 
weak evidence against the null hypothesis that the data comes 
from the fitted Weibull distribution at the 0.05 significance level. 
It should be mentioned that the number of failures () and exact 
time-to-failure data are not shown for confidentiality purposes. 
Based on the field reliability data provided by the manufacturer, 
the time-to-failure distributions show no significant difference 
between the reliability of the new and remanufactured 
transmissions.  
To demonstrate the use of LCWC models to trade-off 
between the reliability and costs of new and remanufactured 
transmissions, we consider two different cases shown in Table 3. 
In Case 1, the reliability levels of the new and remanufactured 
transmissions are the same, while in Case 2, the reliability level 
of the remanufactured transmission is slightly lower than that of 
the new transmission. Note that the reliability level for the 
remanufactured transmission in Case 2 is hypothetical and not 
based on the reliability data. Further, we assume the cost of the 
remanufactured transmission to be 90% of the cost of the new 
transmission. 
Table 3 Costs and reliability levels of new and 
remanufactured transmissions in Cases 1 and 2 
Case 
Condition of the 
replacement unit 
Weibull 
parameters 
*, + 
Reliability 
at 4000 
hours 
Cost of 
replace-
ment 
1 
New *7.9e4, 1.29+ 0.9789 $40,000 
Remanufactured *7.9e4, 1.29+ 0.9789 $36,000 
2 
New *7.9e4, 1.29+ 0.9789 $40,000 
Remanufactured *7.5e4, 1.26+ 0.9755 $36,000 
Table 4 Comparison of expected LCWCs (in USD) calculated 
by MCS and the analytical method 
Case 1 Case 2 
Policy 
MCS estimate 
(4, 5) 
Analytical 
solution 
MCS estimate 
(4, 5) 
Analytical 
solution 
1 (312.52, 0.97) 313.28 (313.23, 0.92) 313.71 
2 (350.49, 0.91) 350.22 (349.66, 0.89) 350.22 
3 (304.67, 0.83) 306.44 (366.46, 0.94) 365.63 
4 (303.12, 1.04) N/A (362.31, 1.12) N/A 
The expected LCWCs by MCS and the analytical method 
(i.e., Eqns. (9)-(11)) are compared for the four warranty policies 
in Table 4. The MCS estimates of the expected LCWCs are 
presented as the means and standard deviations calculated from 
20 repeated runs. We note that () in Policy 4 (Eqn. (12)) 
cannot be solved analytically and we therefore only show results 
using MCS for this policy. We observe that the analytical and 
MCS estimates of the expected LCWCs are very close to each 
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other. The probability distributions of the LCWCs generated by 
MCS in Case 2 are shown in Fig. 4. 
Two observations can be made from Table 4 and Fig. 4. First, 
comparing the expected LCWCs for Policies 2 and 3 in  Table 4, 
we find that the use of remanufactured transmission (Policy 3) 
reduces the warranty cost in Case 1, while it increases the 
warranty cost in Case 2. This suggests that reliability can have a 
considerable impact on LCWC and nees to be taken into account 
when comparing different warrancy policies. Comparing the 
expected LCWCs (Table 4) and LCWC distributions (Figs. 4(c) 
and 4(d)) of Policies 3 and 4, we observe that taking out extended 
warranty coverage does not reduce the cost much when 
remanufactured transmission is used for replacement. In fact, the 
provision of extended warranty (Policy 3) increases the expected 
LCWC only by less than $5. These observations show that our 
reliability-informed LCWC analysis can help manufacturers 
compare warranty policies and inform their decision making. 
5. CONCLUSION
In this paper, we presented a reliability-informed LCWC 
analysis framework, which enables the manufacturer to evaluate 
different warranty policies when both new and remanufactured 
systems are available for warranty coverage. This framework is 
novel in that it incorporates real-world field reliability data into 
warranty policy assessment using a probabilistic LCWC model 
that considers multiple life cycles. The effectiveness of the 
proposed framework is demonstrated with a case study of a 
transmission in an agricultural machine where we show that the 
proposed framework can 1) provide a quantitative reference for 
the manufacturer to determine the optimal warranty policy and 
2) help the manufacturer to make a trade-off between system
reliability and cost, when both new and remanufactured 
replacement options are available. 
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commercial product, process, or service by trade name, 
trademark, manufacturer, or otherwise does not necessarily 
constitute or imply its endorsement, recommendation, or 
(a) (b) 
      (c)       (d) 
Fig. 4 LCWCs for the four warranty policies in Case 2 calculated with MCS 
250 270 290 310 330 350 370 390
LCWC (dollar)
0
0.02
0.04
0.06
P
ro
b
ab
il
it
y
 d
en
si
ty
Policy 1
250 270 290 310 330 350 370 390
LCWC (dollar)
0
0.02
0.04
0.06
P
ro
b
ab
il
it
y
 d
en
si
ty
Policy 2
250 270 290 310 330 350 370 390
LCWC (dollar)
0
0.02
0.04
0.06
P
ro
b
ab
il
it
y
 d
en
si
ty
Policy 3
250 270 290 310 330 350 370 390
LCWC (dollar)
0
0.02
0.04
0.06
P
ro
b
ab
il
it
y
 d
en
si
ty
Policy 4
Copyright © 2020 ASMEV006T06A033-6
D
ow
nloaded from
 http://asm
edigitalcollection.asm
e.org/ID
ETC
-C
IE/proceedings-pdf/ID
ETC
-C
IE2020/83952/V006T06A033/6586368/v006t06a033-detc2020-22710.pdf by Iow
a State U
niversity user on 12 N
ovem
ber 2020
favoring by the United States Government or any agency thereof. 
The views and opinions of authors expressed herein do not 
necessarily state or reflect those of the United States Government 
or any agency thereof. 
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